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Abstract

This paper concerns the �nite element simulation of the diffraction of a time-harmonic
acoustic wave in presence of an arbitrary mean �ow. Considering the equation for the per-
turbation of displacement (due to Galbrun), we derive a low Mach formulation of the prob-
lem which is proved to be of Fredholm type and is therefore well-suited for adiscretization
by classical Lagrange �nite elements. Numerical experiments are done in thecase of a
potential �ow for which an exact approach is available and a good agreement is observed.
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1 Introduction

The reduction of noise in aeronautics motivates an intensive research in aeroacous-
tics. In particular, there is a need for ef�cient numerical tools to simulate acoustic
propagation in a mean �ow. We are interested here in solving the linearized prob-
lem in the frequency domain, by a �nite element method able totake into account
general geometries and �ows. Up to our knowledge, only the potential case (when
the �ow and the source are irrotational) which leads to a Helmholtz like scalar
equation has been completely handled [6,8].

For an arbitrary �ow, the problem is much more dif�cult to solve, due to the cou-
pling between acoustic and hydrodynamic perturbations. Itcan be modelized by
the Linearized Euler Equations whose unknowns are the perturbations of velocity
and pressure or, alternatively, by the less well known equation of Galbrun whose
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unknown is the perturbation of displacement [12]. Althoughless usual, this second
approach has several advantages : in particular, it allows avery simple treatment
of the boundary conditions, which are generally expressed with respect to the dis-
placement.

Recently, a new numerical approach has been developed and validated in the case
of a parallel shear �ow [2,4]: this method relies on a �nite element discretization
combined with Perfectly Matched Layers of a regularized formulation of Galbrun's
equation. The regularization process consists in adding tothe equation a term which
does not change the value of the solution (the additional term vanishes for the solu-
tion) but which improves the mathematical properties of theequation : if the Mach
number does not vanish, the regularized equation appears tobe a compact pertur-
bation of a Helmholtz like vector equation. As a consequence, it is well-suited for
a discretization by Lagrange �nite elements.

A drawback of the method comes from the additional term, which requires the
evaluation of an oscillating integral, coupling all degrees of freedom located on the
same streamline. This dif�culty can be avoided by replacingthis non-local term by
its Low-Mach approximation [7].

We will show here how to extend this Low-Mach approach to the case of a non
parallel �ow. For simplicity, we restrict ourselves to the two-dimensional case.

The outline of the paper is the following. The regularized Galbrun's equation is
derived in the next section. The main result is the calculation of the hydrodynamic
equation. An expression of the solution of this equation at low Mach number is
then postulated. Section 3 is devoted to the diffraction problem. We consider the
diffraction of an incident acoustic wave by a bounded obstacle, in presence of a
�ow uniform at in�nity. A formulation of the problem, with bounded Perfectly
Matched Layers, is given and proved to be of Fredholm type. Numerical results are
�nally presented in section 4, in the case of a potential �ow,and compared with the
results of a full potential approach.

2 Derivation of the modi�ed Galbrun equation

2.1 Galbrun's equation

Consider a stationary subsonic �ow of a perfect compressible�uid satisfying Eu-
ler's equations. This �ow is characterized by its non uniform �elds of velocity v0,
density� 0, pressurep0 and sound velocityc0. We aim at simulating the propaga-
tion of a time harmonic perturbation (with ane� i!t time dependence). Galbrun's
equation, whose unknown is the perturbation of displacement u, is obtained by a
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linearization process (see for example [11]). It reads as follows :

� 0
D 2u
Dt 2

� r (� 0c2
0 div u) + div ur p0 � t r u � r p0 = 0 (1)

where
Du
Dt

= � i! u + r u � v0. Let us emphasize that usual quantities, as the

perturbations of pressure and velocity,pE andvE , solutions of the Linearized Euler
Equations, can be recovered from the knowledge ofu by the following formula :

pE = � � 0c2
0 div u � u � r p0 and vE =

Du
Dt

� r v0 � u: (2)

Notice that in the particular case of a parallel shear �ow with � 0, p0 andc0 uniform,
Galbrun's equation reduces to:

D 2u
Dt 2

� c2
0r (div u) = 0 : (3)

It has been observed that a direct �nite element resolution of (3) (using Lagrange
elements) leads to a polluted result, due to a lack ofH 1 coerciveness. A way to
restore coerciveness is to consider the following “regularized” (or “augmented”)
formulation of (3):

D 2u
Dt 2

� c2
0r (div u) + s0 curl (curlu �  ) = 0 (4)

wheres0 2 R+ and the new unknown

 = curlu

(which is called here the “vorticity”) is introduced [3]. Wewill extend this regu-
larization technique to the general equation (1). Then a “hydrodynamic” relation
between andu will is derived and solved in the low Mach approximation.

2.2 Regularization

Let s0 be a positive real function. The regularized equation associated to (1) is given
by:

� 0
D 2u
Dt 2

� r (� 0c2
0 div u) + curl (� 0s0(curlu �  ))

+ div ur p0 � t r u � r p0 = 0
(5)

The hydrodynamic equation is then derived by taking the curlof (1), which gives:

curl

 

� 0
D 2u
Dt 2

+ div ur p0 � t r u � r p0

!

= 0
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and after some calculations (see appendix):

D 2 
Dt 2

= � 2
D
Dt

(Bu) � C u (6)

with

Bu =
2X

j =1

r v0;j ^
@u
@xj

(7)

and

Cu =
2X

j;k =1

 
@v0;k

@xj
r v0;j ^

@u
@xk

� v0;j r
@v0;k

@xj
^

@u
@xk

!

+
1
� 0

2X

j =1

 
1

� 0c2
0

@p0
@xj

r p0 � r

 
@p0
@xj

!!

^ r uj :

Notice that for a parallel shear �ow (withp0 uniform andv0 = v0;1(x2)e1 for
instance),Cu = 0.

2.3 Low Mach approximation

In the case of a parallel shear �ow, it was possible to derive an exact expression of 
versusu as a convolution integral along the stream lines [3]. It is not straightforward
to extend this approach in the general case. However, under suitable hypotheses,
simple approximations of can be obtained. For instance, if we suppose that the
�ow is slow and has slow variations:

jv0(x)j � c0(x) and
jr v0(x)j
jv0(x)j

�
!

c0(x)

and if there are no sources of vortices, which implies thatu varies like an acoustic
wave:

jr u(x)j
ju(x)j

�
!

c0(x)
;

we can neglect the contributionCu in (6). Then if the mean �ow does not present
recirculations (closed streamlines), integration of (6) leads to:

D 
Dt

= � 2Bu

whose solution has the followingLow Machapproximation:

 LM =
2
i!

Bu: (8)

This formula can be derived rigorously in the case of a parallel shear �ow as an
approximation of the convolution formula, which becomes highly oscillating at
low Mach [7]. Notice that if the �ow is uniform (not necessarily slow),  = 0
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andBu = 0, so that =  LM . As a consequence, the Low-Mach approximation
remains valid for large Mach numbers, if the �ow is slowly varying.

Let us point out that, contrary to most of the approximate models proposed in the lit-
erature [10,1], the coupling between acoustics and hydrodynamics is not neglected
here.

Summing up, using (5) and (8), we get the modi�ed Galbrun equation which will
be solved in practice:

GLM u
def
= � 0

D 2u
Dt 2

� r (� 0c2
0 div u) + div ur p0

� t r u � r p0 + curl
�

� 0s0

�

curlu �
2
i!

Bu
��

= 0
(9)

Notice that in presence of a source termf in (1) with curlf = 0, we obtain in the
same wayGLM u = f .

3 Setting of the diffraction problem

Let us now consider a particular diffraction problem which will be solved by using
the previous model.

3.1 Geometry and incident wave

Let O be a regular bounded domain ofR2 occupied by a rigid obstacle. The mean
�ow (v0; � 0; p0; c0) is de�ned in R2nO, it is such that� 0; p0; c0; v0 and its deriva-

tives
@v0;k

@xj
belong toL1 (R2nO) with

inf
x2 R2nO

� 0c2
0 > 0:

Moreover the �ow is supposed to be almost uniform far from theobstacle :

9R > 0= for jxj > R; v0(x) = v1 e1; (� 0(x); p0(x); c0(x)) = ( � 1 ; p1 ; c1 ):

The regularization functions0 is then chosen such thats0(x) = c2
1 for jxj > R:

The hypothesis of uniformity of the �ow far from the obstacleimplies that:

8u 2 H 1
loc(R

2nO); Bu(x) = 0 for jxj > R:
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As a consequence, each component of the solutionu of (9) satis�es the convected
Helmholtz equation forjxj > R :

D 2
1 '

Dt 2
� c2

1 � ' = 0; (10)

where
D1

Dt
= � i! + v1

@
@x1

. It is well known that this equation is equivalent to

a classical Helmholtz equation� ~' + ~k2 ~' = 0 for ~' de�ned by ~' (x1=�1 ; x2) =

' (x1; x2)eik� 1 x1 with � 2
1 = 1 �

v2
1

c2
1

, � 1 =
v1

� 2
1 c1

and~k =
k

� 1
.

Then we can consider an incident wave which is for instance a plane wave of this
uniform medium:

u inc (x) = eik 1 x1 e1 with k1 =
!

c1 + v1

and the diffraction problem is the following: �ndu 2 H 1
loc(R

2nO) such thatudif =
u � u inc is outgoing and

GLM u = 0 in R2nO

u:n = curlu �
2
i!

Bu = 0 on @O:
(11)

The �rst boundary condition comes from the rigidity of the obstacle (n denotes
the unitary exterior normal to@O). The second one is simply (8) written on the
boundary : it is required for well-posedness. This radiation condition is discussed
in the next paragraph.

3.2 Radiation condition and PMLs

As we have seen, the hypothesis of uniformity of the �ow far from the obstacle
implies that each component ofudif satis�es (10) forjxj > R . Then we say that'
is outgoing if ~' is outgoing (in the classical sense) and we say thatudif is outgoing
if each component ofudif is outgoing.

In practice, we use PMLs to select this outgoing solution (other methods like a
coupling with an integral representation could also be used). The computational
domain is de�ned by
 L = BL nO whereBL is the following square

BL = f (x1; x2)=jx1j < R + L andjx2j < R + Lg

andL denotes the width of the absorbing layers. The model in the PMLs involves
a complex parameter� such that<e(� ) > 0 and=m(� ) < 0. Finally, the problem
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that we solve is the following: �ndudif 2 H 1(
 L ) such that (withu = udif + u inc ):

GLM
� udif = f in 
 L

u:n = curlu �
2
i!

Bu = 0 on @O

udif = 0 on @BL

(12)

wheref = �G LM u inc is a source term supported in


 = f (x1; x2)=jx1j < R andjx2j < R gnO:

The index� means that the corresponding operator has been modi�ed according to
the following substitution:

@
@xi

! � i (x)
@

@xi
with � i de�ned by� i (x) = 1 if jx i j < R and � i (x) = � if jx i j > R:

For example, div� u = � 1(x)
@u1
@x1

+ � 2(x)
@u2
@x2

:

In practice, we solve instead of (12) a transmission problemwith the total �eld u
as unknown in
 and the diffracted �eldudif as unknown in the absorbing layers.
The incident �eld then results in non-homogeneous transmission conditions at the
interface between
 and the absorbing layers.

3.3 Well-posedness

We choose nows0 = c2
0. For the sake of clarity, we consider here a simpler problem

which corresponds to the �eld produced by a sourcef : �nd u 2 H 1(
 L ) such that

GLM
� u = f in 
 L

u:n = curlu �
2
i!

Bu = 0 on @O

u = 0 on @BL

(13)

Let us emphasize that the proof of well-posedness for this problem can be eas-
ily extended to the diffraction problem, using standard arguments for handling the
heterogeneous conditions on@O. Problem (13) has the following variational form:

Findu 2 V such that8v 2 V

a(u; v) + b(u; v) =
Z


 L

f �v
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whereV = f u 2 H 1(
 L )2; u:n j@O = 0 andu j@BL = 0g and

a(u; v) =
Z


 L

� 0c2
0

� 1� 2
(div� u div� �v + curl� u curl� �v )

�
Z


 L

� 0

� 1� 2
(v0 � r � ) u � (v0 � r � ) �v +

2
i!

Z



� 0c2

0Bu curl �v ;

b(u; v) =
Z


 L

� � 0!
� 1� 2

(2i (v0 � r � ) u + ! u) � �v +
Z




�
div ur p0 � t r u � r p0

�
�v :

Theorem 1 Problem (13) is of Fredholm type if

inf
x2 


 

1 �
jv0(x)j2

c0(x)2
�

2
p

2
!

jr v0(x)j

!

> 0: (14)

Remark 1 Notice that, for a given subsonic �ow, condition (14) is satis�ed if the
frequency is high enough.

Proof. We will prove that, under hypothesis (14), the bilinear form a(u; v) has the
following decompositiona(u; v) = c(u; v) + d(u; v) wherec(u; v) is coercive on
V andd(u; v) is a compact perturbation (i.e. associated to a compact operator on
V). This proves the theorem asb(u; v) is also a compact perturbation.

First, integrating by parts, we obtain the following identity, generalizing Costabel's
one [5]:8u; v 2 H 1(
 L )2

Z


 L

� 0c2
0

� 1� 2
(div� u div� �v + curl� u curl� �v ) =

Z


 L

� 0c2
0

� 1� 2
r � u � r � �v + d(u; v)

with d(u; v) =
Z


 L

 
@(� 0c2

0)
@x1

@u
@x2

�
@(� 0c2

0)
@x2

@u
@x1

!

� �v

�
Z

@
 L

� 0c2
0

 

n1
@u
@x2

� n2
@u
@x1

!

� �v :

For v 2 V, usingv:n j@
 L = 0, the boundary term becomes:

Z

@
 L

� 0c2
0

 

n1
@u
@x2

� n2
@u
@x1

!

� �v =
Z

@
 L

� 0c2
0

" 

n1
@u
@x2

� n2
@u
@x1

!

� n

#

(n � �v):

Finally, for u 2 V, using u:n j@
 L = 0, we notice that the term in the brack-
ets vanishes on the outer boundary (which is polygonal). Forthe boundary of
the obstacle, we introduce a regular extension ofn in its neighborhood and using
r (u � n) � n = 0, we get:

Z

@
 L

� 0c2
0

 

n1
@u
@x2

� n2
@u
@x1

!

� �v =
Z

@O
� 0c2

0 [(u � r )n � n] (n � �v):

The compactness ofd(u; v) then follows from standard arguments.
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On the other hand, the coerciveness follows from the following inequalities:
�
�
�
�
�

Z


 L

� 0c2
0

� 1� 2
r � u � r � �u �

� 0

� 1� 2
(v0 � r � ) u � (v0 � r � ) �u

�
�
�
�
�

�
Z



� 0(c2

0 � j v0j2)jr uj2 + min( <e(� ); <e(1=� ))
Z


 L n

� 0(c2

0 � j v0j2)jr uj2

and
�
�
�
�

Z



� 0c2

0Bu curl �u
�
�
�
� �

p
2

Z



� 0c2

0jr v0jjr uj2: �

4 Numerical results

First, let us make some remarks. The Low Mach (LM ) approximation (8), exact in
the case of uniform �ows, was already validated for parallelshear �ows in [3]. In
this section, we want to show that this approximation extended to non-parallel mean
�ows is still relevant. Note that analytical solutions are generally unknown and in
order to validate this approximation, numerical comparisons with another approach
must be done. In the frequency domain, the “potential” case has been largely stud-
ied and provides good solutions [6,8]. In this potential approach, a mean �ow is
chosen such thatv0 = r ' 0 where' 0 is a scalar function. In the particular context
of the scattering problems (seex3.1), one can then prove that the perturbation of the
Euler speedvE is irrotational and so derives from a scalar potential i.e.vE = r ' E .
Moreover the knowledge of this potential also makes it possible to derive the other
Euler perturbationspE ; � E (pression and density). Lastly, instead of solving the lin-
earized Euler equations, we can consider the following equivalent scalar problem:
Find ' E 2 H 1

loc(R
2nO) such that' E � ' inc is outgoing and:

8
>>><

>>>:

D
Dt

 
1
c2

0

D' E

Dt

!

�
1
� 0

div (� 0r ' E ) = 0 in R2nO;

@'E
@n

= 0 on@O:
(15)

The approximation of this equation by the Lagrange �nite element discretization
coupled with a PML formalism does not raise any problem. For the potential ap-
proach (15), the errors are mainly due to the �nite element approximation and to
the use of PMLs (more precisely, the truncation of the unbounded domain by a �-
nite widthL of absorbing layers). On the other hand the problem can be solved by
the Low Mach Galbrun method; let us emphasize that contrary to curlvE , curlu
does not vanish and an error is produced by its Low Mach approximation. Through
the formulae (2), one can compute aLM approximationvLM

E of the perturbation
of the Euler speed and compare it tovE = r ' E . Let us point out that bothvLM

E
andvE require the evaluation of the �rst derivatives of the �nite element solutions
u and' E . The comparison between both solutions measures the quality of theLM
approximation.
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To do the simulations, mean �ows are needed. For simplicity,we have added the
assumption of incompressibility for these �ows which then verify the scalar equa-
tion � ' 0 = 0. In this way, analytical mean �ows around many geometries [9] can
be derived. A particular simple case is the �ow around a circle of center(0; 0) and
radiusr . In this case, the potential is de�ned by' 0 = v1 x1(1 + r 2=(x2

1 + x2
2)) .

Fig. 1 (left) shows the Mach �eld of the mean �ow forM 1 = v1 =c1 = 0:1 (its
maximum is2v1 and is located near the circle), thex-component of the perturba-
tion of the Euler speedvLM

E and of the differencevLM
E � vE . There is a very good

agreement; the difference can be detected only in a small area where the velocity
takes its largest values. Fig. 2 represents, in the log-log scale, the relative error be-
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Fig. 1. Mean �ow (left), real part ofv LM
E;1 (center) andv LM

E;1 � vE;1 (right) for M 1 = 0 :1

tween the Galbrun and potential solutions versusM 1 , for M 1 2 [0; 0:4]. As could
be predicted, the error is quadratic (varying likeM 2

1 ).

M1
10-1

relative error

2

1

10-2
10-2

10-1

1

Fig. 2. Relative errorkv LM
E � vE kL 2 =kvE kL 2 versusM 1 in log-log scale

Finally, since we supposed that the mean �ows are potential and incompressible, it
is easy to compute them via a �nite elements solution of a Laplace problem. So,
one can treat more complex geometries. For example, we have compared the two
methods for a 2D aircraft carriage model forM 1 = 0:1 andM 1 = 0:2 with a
point source in the carriage (see Fig. 3). We see a good agreement between the two
solutions. Fig. 4 shows the far-�eld patterns obtained fromthe Galbrun solution
and compared to the one corresponding to the no-�ow experiment. We clearly see
the effect of the �ow on the directivity of the sound.
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Appendix

Let u be a regular solution of (1) and let us prove that (6) holds. By concern of
conciseness, we only give the main steps of this calculation:

Step 1: curl

 

� 0
D 2u
Dt 2

!

= r � 0 ^
D 2u
Dt 2

+ � 0 curl

 
D 2u
Dt 2

!

= r � 0 ^
D 2u
Dt 2

+ � 0

 
D 2 
Dt 2

+ 2Bu + C1u

!

with B de�ned by (7) andC1u =
2X

j;k =1

 
@v0;k

@xj
r v0;j ^

@u
@xk

� v0;j r
@v0;k

@xj
^

@u
@xk

!

Step 2: curl(div ur p0 � t r u � r p0) = r (div u) ^ r p0 �
2X

j =1

r

 
@p0
@xj

!

^ r uj

=

 

�
r (� 0c2

0)
� 0c2

0
div u +

1
c2

0

D 2u
Dt 2

!

^ r p0 + � 0C2u (using (1) to computer (div u))
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with C2u =
1
� 0

2X

j =1

 
1

� 0c2
0

@p0
@xj

r p0 � r

 
@p0
@xj

!!

^ r uj :

Now, with C = C1 + C2, step 1 and step 2 lead to

curl

 

� 0
D 2u
Dt 2

+ div ur p0 � t r u � r p0

!

= � 0
D 2 
Dt 2

+ 2� 0Bu + � 0Cu

� div u

 
r (c2

0)
c2

0
+

r (� 0)
� 0

!

^ r p0 +

 

�
1
c2

0
r p0 + r � 0

!

^
D 2u
Dt 2

= 0:
(16)

Finally the state lawp0 = f (� 0) (isentropic mean �ow) leads to

r p0 = f 0(� 0)r � 0 = c2
0r � 0 andr (c2

0) = f 00(� 0)r � 0 =
f 00(� 0)

c2
0

r p0 (17)

and (16) gives the hydrodynamic equation (6).
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